The objective of this study was, by means of simulation, to quantify the effect of ignoring individual heterogeneity in Weibull sire frailty models on parameter estimates and to address the consequences for genetic inferences. Three simulation studies were evaluated, which included 3 levels of individual heterogeneity combined with 4 levels of censoring (0, 25, 50, or 75%). Data were simulated according to balanced half-sib designs using Weibull log-normal animal frailty models with a normally distributed residual effect on the log-frailty scale. The 12 data sets were analyzed with 2 models: the sire model, equivalent to the animal model used to generate the data (complete sire model), and a corresponding model in which individual heterogeneity in log-frailty was neglected (incomplete sire model). Parameter estimates were obtained from
INTRODUCTION
The Weibull log-normal sire frailty model used to perform genetic evaluation of sires for longevity of dairy cows implicitly neglects unobserved individual heterogeneity not accounted for by the sire effect and the covariates included in the model (Ducrocq and Casella, 1996) . In effect, the model does not have a genetic interpretation in the sense of the additive genetic infinitesimal model (Fisher, 1918; Bulmer, 1980; . Korsgaard et al. (1998) proposed a Cox frailty model in which unobserved individual heterogeneity was modeled by a normal distributed residual effect on 1 Acknowledgments: The first author would like to thank Ph.D. students A. C. Sørensen and M. Hansen for introducing me to programming in Fortran.
2 1338 a Bayesian analysis using Gibbs sampling, and also from the software Survival Kit for the incomplete sire model. For the incomplete sire model, the Monte Carlo and Survival Kit parameter estimates were similar. This study established that when unobserved individual heterogeneity was ignored, the parameter estimates that included sire effects were biased toward zero by an amount that depended in magnitude on the level of censoring and the size of the ignored individual heterogeneity. Despite the biased parameter estimates, the ranking of sires, measured by the rank correlations between true and estimated sire effects, was unaffected. In comparison, parameter estimates obtained using complete sire models were consistent with the true values used to simulate the data. Thus, in this study, several issues of concern were demonstrated for the incomplete sire model. the log-frailty scale. In a subsequent study, Andersen et al. (2000) proved that the residual effect on the logfrailty scale is a sufficient condition in order for the Weibull sire frailty models to satisfy the assumptions of the additive genetic infinitesimal model.
For univariate and independent survival times, Vaupel et al. (1979) and Manton et al. (1981) were the first to recognize that unobserved individual heterogeneity, if ignored, could lead to bias in parameter estimates and to incorrect inferences about the lifetime distribution. For count data, Tempelman and Gianola (1996) addressed the consequence of ignoring unobserved individual heterogeneity in the mixed Poisson sire model suggested by Foulley et al. (1987) . As in the Weibull sire model without an error term, the model of Foulley et al. (1987) also ignores three-quarters of the genetic variance and the environmental variance not otherwise accounted for by Poisson sampling. By means of simulation, Tempelman and Gianola (1996) showed that it is necessary to account for unobserved individual heterogeneity to make correct inferences about model parameters.
The objective of this study was by means of simulation to quantify the effect on parameter estimates and address consequences for genetic inferences and the distribution of lifetimes, when individual heterogeneity is ignored in Weibull sire frailty models.
MATERIALS AND METHODS
In this study, we consider the Weibull log-normal sire frailty model , in which unobserved individual heterogeneity is accounted for by a normally distributed residual effect on the log-frailty scale. The effect of ignoring individual heterogeneity was studied by simulating data from this complete model (hereafter denoted the complete sire model), and thereafter analyzing the data generated with the complete model and also with a corresponding model that did not account for individual heterogeneity in the logfrailty. The latter model was denoted the incomplete sire model.
A Bayesian analysis using Gibbs sampling was evaluated for both models and is described later. For comparison, we also estimated the parameters of the incomplete sire model by using the Survival Kit software (Ducrocq and Sölkner, 1998) . Note that the 2 models specify different distributions, and that we used the notation T, T , and T to uniquely define parameters and random variables associated with the models. Three simulation studies were conducted, including 3 levels of heritability on the log-frailty scale (0.15, 0.5, or 1) combined with 4 levels of censoring (0, 25, 50, and 75%).
Complete Sire Model
Let η denote a vector with elements (s g(i) + ẽ i ) i = 1,...n , and let the random variable T i for i = 1,...,n be a lifetime of animal i. In the complete sire model, the hazard function conditional on model parameters
in which ρ and β are parameters characterizing the baseline hazard function. The element s g(i) is a sire transmitting ability, with g(i) = j being an index function relating animal i to its sire j, in which j = 1,...,q, and q is the number of sires. The distribution of sire transmitting abilities is assumed to be s | σ 
in which ε i follows an extreme value distribution, with E(ε i ) = −γ E (γ E is Euler's constant), and Var(ε i ) = π 2 /6. All of the ε i 's are independent, and also independent of s and ẽ . The parameters specifying the complete sire model in Equation [1] are identifiable if, and only if, at least 1 sire has more than 1 offspring . The expected value, variance, third central moment of Ỹ i , covariance (Cov), and correlation (corr) between 2 half sibs, say Ỹ i and Ỹ j , (i ≠ j) are given by: 
in which model parameters θ = (ρ, β, a, e, σ .
Incomplete Sire Model
The incomplete sire model is defined exactly as the complete sire model, except that the residual effect on the normally distributed scale is omitted. That is, conditional on model parameters θ = (ρ, β , ŝ, σ 2 ŝ ), the hazard function is given by
in which ŝ is a vector with elements (ŝ g(i) ) j=1,...,q . Here, ŝ g(i) is a random effect, specific for each sire, with ŝ |
Like the complete sire model, the incomplete sire model is a log-linear model for T i . However, because this model ignores three-quarters of the additive genetic variance in log-frailty, it is impossible to define an equivalent animal model Korsgaard et al., 2000) . In effect, the model cannot be interpreted in terms of the additive genetic infinitesimal model (Fisher, 1918; Bulmer, 1980) . The model can at best be used as an approximation to an additive genetic survival model. From a genetic point of view, the problems with the incomplete sire model are related to the fact that the covariance structure on the logfrailty scale is different from what is expected from additive genetic theory. That is, the sire effect measures similarities between half-sibs that do not necessarily have an additive genetic background.
Simulation of Data
Three data sets were generated from the Weibull lognormal animal frailty model (Equation [8] ). Each data set embedded lifetimes of 10,000 animals from 100 unrelated sires each having 100 offspring, corresponding to a balanced half-sib design. The models used to simulate and analyze the data were parameterized with their equivalent sire models (Equation 2 ). For each simulated data set, 4 levels of censoring (0, 25, 50 and 75%) were introduced by right censoring (Type II censoring). Type II censoring arises in experiments in which n items are placed on test and terminates the experiment upon observing a prespecified number, r ≤ n, of events; hence, n − r individuals have censored observations. All together, 12 data sets were available for analysis, 4 data sets for each set of the parameter values. Descriptive statistics of the data sets are given in Table 1 .
Data Analyses
All 12 data sets were analyzed with the complete sire model (Equation [1] ) and the incomplete sire model (Equation [9] ). By analyzing the data with the models used for generating the data, we demonstrate that parameters can be estimated satisfactorily. This has not previously been shown for the Weibull log-normal frailty model including a residual effect on the logfrailty scale.
In this study, marginal posterior distributions of the parameters were obtained from a Bayesian analysis using Gibbs sampling (Gelfand and Smith, 1990 ) combined with adaptive rejection sampling (Gilks and Wild, 1992 ; see Appendix A). The Gibbs sampler is only outlined for the complete sire model because the Gibbs sampler for the incomplete sire model was found using the same principles. The burn-in period and the chain length of the Gibbs sampler were the same across models and were established by visual inspection of trace plots of all parameters. The first 20,000 rounds of the Gibbs sampler were considered as burn-in; thereafter 49,000 samples of models parameters were saved with a sampling interval of 20 (i.e., a total of 1,000,000 rounds were run). Samples of derived quantities were obtained by calculating these for each round of sampled values of the parameters saved.
In addition to the Bayesian analysis using Gibbs sampling, parameters of the incomplete sire model were also estimated using the Survival Kit software (Ducrocq and Sölkner, 1998) . In Survival Kit, the sire variance is estimated as the mode of its marginal posterior distribution approximated by Laplacian integration, whereas the other model parameters are estimated as the mode of the joint posterior distribution conditional on the estimated sire variance and data (Ducrocq and Casella, 1996) .
were assumed to be mutually independent, and with prior distribution given by: Conditional on θ , the type II censoring mechanism is noninformative (Kalbfleisch and Prentice, 1980) , and by combining the conditional likelihood with the prior specification we obtain the joint posterior distribution up to proportionality given by
The fully conditional posterior distributions of single parameters were derived up to the proportionality by retaining the terms depending on the parameter of interest from the posterior distribution (see Appendix A). The derived expressions for the fully conditional distributions of ρ, β , (s j ) j = 1,...q , and (ẽ i ) i = 1,...,n could not be recognized as kernels of known distributions, but the kernels were all shown to be log-concave, and adaptive rejection sampling (see Appendix B) was used to draw samples from these distributions.
Criteria for Evaluation of the Models
The 2 models and the associated methods for estimation of the parameters were evaluated by comparing true and estimated parameters, and by calculating Spearman rank correlations between the true and estimated sire effects. However, in this evaluation of the models, we must keep in mind that the parameters of the complete sire model have different interpretations than the parameters of the incomplete sire model.
To focus on the model misspecification more directly, we compared the lifetime distribution specified directly by the incomplete sire model with the corresponding true one obtained after averaging over the residual effect (marginalized distribution). That is, for a sire, say s j , the true marginalized survival function for an animal i with g(i) = j is given by
which is to be compared with the one specified directly by the incomplete sire model
The expectation in Equation [11] does not have a closed form and was solved numerically by methods of Monte Carlo by sampling ẽ i from N(0, σ 2 ẽ ) 5,000 times. It is important to note that Equation [12] does not have the form of a survival function of a proportional hazards model, which implies that the conditional and marginal interpretation of the model parameters is different. Generally, in the marginal model the ratio between hazard functions of 2 individuals with different covariates is no longer constant. For t ʦ (1,2,...,2,000), we performed the following steps:
, and
for the incomplete sire model was for t ʦ (1,2,...,2,000) estimated by its posterior mean. For comparison, we also compared the estimated marginalized survival function with the true marginalized survival function.
RESULTS

Parameter Estimates Obtained Using a Complete Sire Model
Mode and mean values of the marginal posterior distributions of model parameters obtained using a complete sire model were in close agreement with the true values used to simulate the data. All the true values used to simulate the data were within the 95% central posterior density (CPD) regions (Gelman et al., 1995) defined by the 2.5 and 97.5% percentiles (Tables 2 to  Table 4 ). With increasing level of censoring, the 95% CPD regions were increased. Similar results were observed for the marginal posterior distributions of the mean and variance of a log-lifetime.
Parameter Estimates Obtained Using an Incomplete Sire Model
Parameter estimates obtained from a Bayesian analysis using Gibbs sampling were very similar to estimates obtained using the Survival Kit (Table 5 to Table  7 ). Mode and mean values of marginal posterior distributions of model parameters estimated using a incomplete sire model were numerically lower than the corresponding true values, and the true values were far outside the corresponding 95% CPD regions (Table 5 to  Table 7 ). In the incomplete sire model, censoring not only increased the 95% CPD regions, but also mode and mean values of the marginal posterior distributions of ρ and σ 2 ŝ were increased and of β decreased with increasing level of censoring. The only exception was for h 2 nor = 0.2 with censoring increasing from 0 to 25%, where the sire variance was slightly decreased. For the Weibull baseline parameters, the 95% CPD regions did not overlap for any of the 4 different levels of censoring. The true expected log-lifetime was within the 95% CPD regions at 0 and 25% censoring, but outside for the 2 remaining levels of censoring. The estimated variance of log-lifetime decreased with increasing level of censoring, and the 95% CPD regions did not overlap for any levels of censoring. The true variance of log-lifetime was only within the 95% CPD regions at 25% censoring.
Survival Functions
The estimated marginalized survival functions obtained from the complete sire model after having integrated out the residual effect were in close agreement with the corresponding true ones. For each of the 3 simulated data sets these results are illustrated for 0 and 75% censoring and for a sire with negative transmitting ability; s j = −0.73 for data simulated with h 2 nor = 0.2, s j = −0.98 for data simulated with h 2 nor = 0.5, and s j = −1.55 for data simulated with h 2 nor = 1 (Figures 1  to 3) . Up to about 500 time units, the survival curves estimated from the incomplete sire models were close to the true marginalized survival curves. After 500 time units, this approach resulted in a slight overestimation of the survival curve at 0% censoring and a substantially underestimation at 75% censoring. It is clear that for the level of neglected individual heterogeneity addressed in this study, the incomplete sire model provides a poor fit of the true survival curve that furthermore depends heavily on the level of censoring.
Ranking of Sires
The Spearman rank correlations between estimated and true sire effects were of the same order of magnitude for the complete sire model and the incomplete sire model (Table 8 ). The only exception was for data not censored, where Spearman rank correlations were slightly greater for the complete sire model. With increasing level of censoring, the correlations between true and estimated sire effects decreased, and with increasing heritability on the normally distributed scale the correlations increased. The complete sire model and the incomplete sire model did not rank sires exactly the same way, which is illustrated for h 2 nor = 0.2 and 0% censoring in Figure 4 . From this figure it is also clear that for both models the ranking of estimated sire effects varies randomly around the true ranking of sires independent of the magnitude of true sire effect.
DISCUSSION
This study established that if individual heterogeneity is present, the Weibull log-normal sire frailty necessarily needs to take account of this variation in order to draw correct conclusions about the population investigated. If not accounted for, the estimated model parameters will be scaled toward zero by an amount, which depends in magnitude on the level of censoring. As a result, the distribution of lifetimes will not be correctly estimated, and parameter estimates obtained using an incomplete sire model may provide limited information about the quantitative genetic basis of the survival trait investigated. On the other hand, for the purpose of ranking sires for selection, the incomplete sire model performed as good as the complete sire model when measured as the correlation between true and estimated sire effects. Various issues related to the effect of ignoring unobserved heterogeneity in proportional hazards models for individual and independent survival times were already addressed in the late 1970s (Vaupel et al., 1979; Manton et al., 1981) . These and several later studies have established that if individual heterogeneity is ignored, regression parameters will be biased toward zero by an amount that depends in magnitude on the ignored individual heterogeneity (Struthers and Kalbfleisch, 1986; Keiding and Andersen, 1997) and on the level of censoring (Solomon, 1984; Henderson and Oman, 1999) . These results agree well with the ones found in this study for the Weibull sire frailty model in which lifetimes are correlated. Ducrocq and Casella (1996) and Meuwissen et al. (2002) also studied the validity of using incomplete sire models for drawing genetic inferences. In contrast to this study, they found that the level of bias in estimated sire variance was negligible. No results were reported for the other model parameters, and these studies only considered very high heritabilities on the log-frailty scale; h 2 nor = 1 combined with 0% censoring (Ducrocq and Casella, 1996) and h 2 nor = 0.8 combined with about 50% censoring (Meuwissen et al., 2002) . The reason for the different results between this and their studies is possibly because they used smaller sire and residual variances in their simulation of data compared with the ones used in this study. In combination with our results, this suggests that the magnitude of bias depends on the level of ignored unobserved individual heterogeneity. Similarly, Tempelman and Gianola (1996) found that the size of bias increased with increasing amount of neglected individual heterogeneity in the mixed Poisson sire model of Foulley et al. (1987) for count data.
An obvious question is whether the amount of unobserved individual heterogeneity, which might be present in applications, is sufficiently large to cause concern. Korsgaard et al. (1998) estimated the residual variance to 0.49 and the heritability on the linear logfrailty scale to 0.14 in a semiparametric sire model for time until occurrence of respiratory disease in bulls. Studies not related to animal breeding have reported residual variances in the range 0.8 to 1.2 (Hougaard, Hougaard et al., 1992; Pickles and Crouchley, 1994; Aalen et al., 1995) . Henderson and Oman (1999) concluded that if individual heterogeneity of this size is ignored in a proportional hazards model for individual and independent survival times, the estimated fixed effects will be dependent on the level of censoring and take values that are about 70% of the true values. In this study, the estimates of the Weibull parameter β took values that were between 50 and 80% of the true value depending on the level of censoring. In applications it therefore seems important always as a first step to use survival models, which accounts for unobserved individual heterogeneity in log-frailty to avoid misleading conclusions.
In accordance with this study, Vukasinovic et al. (1999) found that the correlation between true and estimated sire effects decreases with increasing level of censoring. In contrast to this study, they did not report any results indicating a dependence between parameter estimates and level of censoring probably because they fixed the 2 Weibull parameters, a log-gamma parameter associated with a random herd-year-season effect and the sire variance, when they estimated the sire effects and the remaining model parameters using an incomplete sire model. In this study we found that the correlations between estimated and true sire effects were of the same order of magnitude for the incomplete sire model and the complete sire model. The ability of the incomplete sire model to provide nearly optimal ranking of sires has also been reported in previous studies (Ducrocq and Casella, 1996; Vukasinovic et al., 1999; Ducrocq, 2001 ). This result is not unexpected. In studies of univariate and independent survival time, it has been shown that relative importance of explanatory variables remains unchanged in the absence of censoring, when proportional hazards models ignoring individual heterogeneity are used (Solomon, 1984; Struthers and Kalbfleisch, 1986) . Empirical evidence suggests that this result is also valid in the presence of censoring (Hougaard et al., 1994; Keiding and Andersen, 1997) . Results from this study provide evidence that a similar consistency also is valid for random effects.
Therefore, if the major purpose of a genetic analysis is to rank sires for selection, the incomplete sire model seems to be a satisfactory and computational efficient approximation. Although this approximation seems valid under the assumption of balanced half-sib de- signs, Damgaard et al. (2003) found by means of simulation that estimated sire effects varied with simultaneous changes in daughter group size and level of censoring. This result agrees with expectation from the dependence between parameter estimates and level of censoring found in this study. Therefore, in situations in which daughter group characteristics vary between sires and within sires in course of time, this result advocates that cautions should be exercised when sire estimates are obtained from an incomplete sire model. An interesting observation from practice shows that problems with unstable sire effects across time exist in genetic evaluation for longevity of dairy cows based on an incomplete sire model (VanRaden and Powell, 2002) . Clearly these properties of the incomplete sire model would decrease the efficiency by which sires with different daughter group characteristics can be ranked for selection.
The Bayesian analysis using Gibbs sampling derived and implemented for the complete sire models in this study showed satisfactory results and can easily be extended to more general Weibull log-normal frailty models including time-dependent covariates, random environmental effects, etc. The method successfully separated variation of additive genetic and environmental origin and resulted in parameter estimates that were consistent with the true values used to simulate data. Except for genetic analysis of dairy cows, it is generally necessary to apply an animal model to account satisfactorily for the relationships between animals. However, from a practical point of view, the Gibbs sampling approach is computational-time-demanding. Therefore, despite the undesirable properties demonstrated for the incomplete sire model in this study, the complete sire or equivalent animal model is unlikely to generate much enthusiasm in genetic applications unless an estimation procedure can be established, which is applicable also in large applications.
For estimation of parameters in the overdispersed Poisson animal model for count data, Tempelman and Gianola (1996) suggested a 2-step procedure, which is conceptually similar to the estimation procedure implemented in the Survival-Kit for mixed survival models (Ducrocq and Sölkner, 1998) . That is, first variance components are estimated as the joint mode of their posterior distribution approximated using Laplacian integration. In the second step, regression parameters and random effects are estimated as the joint mode of the posterior distribution conditional on the estimated variance components. Although this method works satisfactorily for Poisson animal models (Tempelman and Gianola, 1996) , it does not seem to work even for Weibull log-normal animal models without a residual effect in log-frailty (Ducrocq and Casella, 1996) . The development of efficient estimation routines applicable also in large applications for the complete sire model and the equivalent animal model is an important subject for further research.
IMPLICATIONS
Assessing additive genetic knowledge of survival traits based on Weibull log-normal frailty models that ignore individual heterogeneity is not an approach to be recommended for developing and running breeding programs. This is because if individual heterogeneity is present the model will generally not lead to correct genetic inferences. We therefore suggest that future research aimed at attaining genetic knowledge of survival traits should rest on survival models, which model unobserved individual heterogeneity.
APPENDIX A
Fully Conditional Distributions
To derive the fully conditional distribution of model parameters from the joint posterior distribution in Equation [10] , we used the notation in which θ ϕ denotes the parameter vector except the parameter ϕ. The fully conditional distribution of ρ and β are up to proportionality given by: The fully conditional posterior distribution of the jth sire transmitting ability, and the ith residual effect are given by:
